Linear response theory lies at the heart of quantum many-body physics because it builds up connections between the dynamical response to an external probe and correlation functions at equilibrium. Here we consider the dynamical response of a Hermitian system to a non-Hermitian probe, and we develop a non-Hermitian linear response theory that can also relate this dynamical response to equilibrium properties. As an application of our theory, we consider the real-time dynamics of momentum distribution induced by one-body and two-body dissipations. We find that, for many cases, the dynamics of momentum occupation and the width of momentum distribution obey the same universal function, governed by the single-particle spectral function. We also find that, for critical state with no well-defined quasi-particles, the dynamics are slower than normal state and our theory provides a model independent way to extract the critical exponent. We apply our results to analyze recent experiment on the Bose-Hubbard model and find surprising good agreement between theory and experiment. We also propose to further verify our theory by carrying out a similar experiment on a one-dimensional Luttinger liquid.
Most condensed matter and cold atom physics experiments measure how an observable changes after perturbing the system. The linear response theory is important for the interpretation of these experiments because it connects these dynamical responses to Green functions at equilibrium, under the condition that the perturbation does not bring the system far away from equilibrium [1] . Thanks to the linear response theory, these experimental measurements can be used to reveal equilibrium properties of a quantum many-body system. The linear response theory has broad applications for experiments ranging from conductivity measurements, angle-resolved photoemission and neutron scattering in condensed matter physics to the Bragg and lattice modulation spectroscopies in cold atom physics. However, so far the perturbation added in all these experiments and considered in theory is a Hermitian one.
In this letter, we consider a Hermitian system, but the perturbation applied to it is a non-Hermitian one [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . We then monitor how a Hermitian observable changes due to this non-Hermitian perturbation. With the same spirit as the conventional linear response theory, we work out the general relation that also relates this dynamical response to properties at equilibrium. Therefore, we name our theory as the non-Hermitian linear response theory.
Recently there is a growing interest in non-Hermitian quantum systems. Nevertheless, to the best of our knowledge, such a non-Hermitian linear response theory has never been developed before. However, there are demands from the experimental side. Quite a few cold atom experiments have measured how observables change by turning on one-body and two-body dissipation terms [18] [19] [20] [21] [22] [23] . In particular, a recent experiment has studied the time dependence of the momentum distribution of a two-dimension Bose-Hubbard model induced by dissipations [18] . They measure both the height and the width of the momentum distribution. They find that the dynamics are slower in the intermediate lattice depth than the dynamics in the shallow lattice [18] . This experiment is performed in a weak dissipation regime where our linear response theory is perfectly suitable.
As an application of our non-Hermitian linear response theory, we determine how the real time dynamics of the momentum distribution responding to one-body and twobody dissipations. We show that this response is mainly determined by a universal function given by the singleparticle spectral function at equilibrium. One striking prediction from our theory is that, for many situations, the decay of the height and the broadening of the width of the momentum distribution are governed by the same function. We consider two different kinds of quantum states, one with well-defined quasi-particle and the other being critical state without quasi-particles. These two types of systems have different single-particle spectral functions, which result in different dynamics of momentum distribution. Our result shows that the dynamics for critical states is generally slower than that for states with quasi-particles, given the same strength of loss. For critical states, we show that one can read out the critical exponent from the real time dynamics of the momentum distribution.
This predication is successfully confirmed by reanalyz-ing experimental data presented in Ref. [ [24] . This gives strong support for our theory. Furthermore, with the help of our formula, we determine the critical exponent of two-dimensional superfluid-Mott insulator transition from the dynamics of momentum distribution, which has never been measured before and is hard to calculate in theory. These results can be straightforwardly applied to other critical states like Luttinger liquids and non-Fermi liquids, or other quantum critical regimes. We propose further experiments to check our theory. General Formalism. Let us consider a Hermitian system with HamiltonianĤ 0 and a non-Hermitian dissipation termĤ diss added as perturbation. HereĤ diss contains both a non-Hermitian dissipation term and a corresponding Langevin noise term aŝ
Here without loss of generality, we introduce a Hermitian operator as jÔ † jÔj and its coefficient is purely imaginary (γ is real), which gives a non-Hermitian perturbation. ξ and ξ † are the Langevin noise operators, and they satisfy ξ
where · noise stands for averaging over noise configurations [25] . The Langevin noise terms always come together with the non-Hermitian dissipation term if the dissipation arises from the coupling to a large environment, and the presence of the Langevin force ensures the unitary of quantum operators [25] .
Let us consider a Hermitian operatorŴ and the physical observable W is given by
Here ρ 0 = e −βĤ0 /Z is the initial equilibrium density matrix of the non-perturbed Hermitian system with temperature T = 1/β, where Z = Tr(e −βĤ0 ) is the partition function of the system. The trace of the density matrix ρ 0 is preserved with the help of the Langevin noise term. Also because of the Langevin noise term, there is an extra noise average in addition to the usual ensemble average. W (t) is the operator in the Heisenberg picture given bŷ
whereĤ =Ĥ 0 +Ĥ diss .
The derivation of the linear response follows straightforwardly from the perturbation expansion in term of H diss . However, we should note a major difference comparing to the Hermitian linear response theory. In the Hermitian case, the first order perturbation gives the contribution to the linear order of coupling constant γ. Here we would also like to keep the linear order contribution of γ, but this requires us to keep the first order perturbation of the dissipation term and the second order of the Langevin noise term, because the the second order of ξ is proportional to γ. A straightforward calculation yields
where {. . . , . . . } denotes the anti-commutator. Here the second term of Eq. 4 follows from the first order perturbation in the dissipation term and it is similar as the Hermitian case (see Table I for comparison) except the commutator is replaced by the anti-commutator. The first term of Eq. 4 is new, which arises from the second order perturbation in term of the Langevin noise term.
In Table I , we compare how the observable W responds to a Hermitian perturbation and to a non-Hermitian perturbation. In both cases, the responses are attributed to correlations at equilibrium. Application to Momentum Distribution. Now we apply our theory to discuss how momentum distribution responds to one-body and two-body dissipations, which are typical experimental measurements in cold atom systems. As an example, we consider a lattice boson system, withâ j being the boson creation operator at site-j. The discussion can be directly applied to a continuous system by replacingâ j withâ(r) and summing over j with integration over space. Here we takeÂ =n k =â † kâ k , O j =â j for one-body dissipation andÔ j =n j for twobody dissipation. With our formula Eq. 4, for one-body dissipation it yields can introduce the spectral function A k (ω) via G < k (t) = dωA k (ω)n B (ω)e iωt , where n B (ω) is the Bose distribution function. By applying the generalized Wick's theorem for Keldysh contour ordered operator product, we can decompose all four-point correlation functions into two-point Green's functions [26] . With straightforward calculations, it finally yields a rather simple results that is
where n k (0) denotes the initial momentum distribution before turning on the dissipation. It is worth noting that both the dissipation term and the Langevin noise term contribute equally to the final results, in particular, some cancellation from two contributions result in such a simply expression. Here
and we denote f (k, t) ≡ g(k, t)g(k, −t) and F(k, t) = t 0 f (k, t )dt . It turns out that these two functions are the key for following discussions. Considering the dynamical process as a quasi-static one, Eq. 6 can be written as a differential equation as
whose solution gives n k (t) = e −2γF (k,t) n k (0).
Because g(k, t) = g * (k, −t), f (k, t) and F(k, t) are both positive. Thus, this result shows that a one-body dissipation leads to decay of populations at all momentum, as shown in Fig. 1(a) . We can also apply Eq. 4 to the two-body dissipation, and the response is given by
The r.h.s. of Eq. 10 are a six-point correlation functions in term ofâ-operator. But similarly, by applying the Wick's theorem and casting into differential equations, it yields a surprisingly simple form
This equation is very similar to Eq. 8, and it is quite striking that two dynamics are governed by the same function f (k, t). The only difference between these two equations is that n k in Eq. 8 is replaced by ∆n k defined as n k (t) −n, andn is the mean density. However, the physical consequences is quite difference due to this difference. The solution of Eq. 11
which means that the population decreases for momenta with initially n k (0) >n, and increases for momenta with initially n k (0) <n. As a result, the two-body dissipation broadens the momentum distribution, and eventually, n k approachesn for all k, as shown in Fig. 1(b) . Moreover, we note that Eq. 9 and Eq. 12 can be respectively casted into Eq. 13 and Eq. 14
Generally, both one-body and two-body dissipation are present in the system. Eq. 13 and Eq. 14 show that, aside from different coefficients, these two time dependences are governed by exactly the same function. Thus, this function fixes the entire dynamics of momentum distribution.
We introduce a quantity k 2 = k 2 n k / n k to characterize the width of the momentum distribution. Furthermore, we consider the situations that f (k, t) and F(k, t) are independent of k (Examples of such will be discussed below.). With Eq. 9, it is straightforward to show that k 2 is a constant independent of t. In this case, the one-body dissipation term does not change the width of the momentum distribution. With Eq. 12, it can be shown that
where k 2 0 and k 2 ∞ denote the width at t = 0 and t → ∞, respectively. By comparing Eq. 15 with Eq. 13 and Eq. 14, it comes to an significant prediction that, when f (k, t) and F(k, t) are independent of k, the change of momentum distribution for each momentum and the broadening of the width are governed by the same function.
Below we consider two types of different quantum phases. The first has well defined quasi-particles. The spectrum functions take the form
where 1/Γ k stands for the quasi-particle lifetime. In this case, we find that
When the quasi-particle lifetimes are not sensitive to momentum k, f (k, t) becomes momentum independent. In particular, when the quasi-particle lifetimes is sufficiently longer than 1/γ, we can take the approximation Γ k → 0, and this is equivalent to taking A(ω) = δ(ω − k ). This results in F(k, t) = t, and the conventional exponential behavior for the time dynamics. In the small t regime, it gives rise to diffusion dynamics, as observed in recent experiment in the weak lattice regime. In other word, this diffusion dynamics is a common behavior of systems with long-lived quasi-particles. Then we move to consider critical phases with no welldefined quasi-particles. In this case, we have [27] 
where Θ(x) = 1 for x > 0 and Θ(x) = 0 for x < 0. Quantum critical regimes, Luttinger liquids and non-Fermi liquids all can exhibit such spectral functions. Here η is taken as a critical exponent with no k-dependence. In this case, we obtain
where the proportional coefficients are non-universal constants. Then the momentum distribution is determined by a stretched exponential function
where κ is a constant proportional to γ. For later connivence, we introduce κ = τ 1−2η 0 which defines a characteristic time scale τ 0 . In a physical system η has to be smaller than unity, because of the requirement that the spectral function is normalizable. Therefore, the dynamics is slower comparing to the phases with quasi-particles.
Experimental Predications. Recently experiment has measured the real time dynamics of momentum distribution for the two-dimensional Bose-Hubbard model in the presence of dissipations [18] . They have measured both the zero-momentum occupation as peak height and the width of the momentum distribution. Indeed, they find that in the weak lattice regime the width obeys a diffusion behavior, and the dynamics becomes slow for inter-mediate lattice depth [18] . We attribute this slowing down of dissipation induced dynamics as the system entering the quantum critical regime of superfluid to Mott insulator transition. The peak height and the width are presented as two separated measurements in Ref. [18] . However, our theory predicts that they should be governed by the same function Eq. 20 up to a coefficient. Guided by this theory, we re-plot the experimental data together as shown in Fig. 2(a) . We find that, by choosing only one parameter as a proper coefficient, these two set of data points can overlap extremely well, in particular, for data at short time with smaller error bars. This provides a very strong support to our theory.
By fitting the real time dynamics of the momentum distribution with our Eq. 20, we can also determine the critical exponent η. In the inset of Fig. 2(b) we show η determined by this fitting as a function of lattice depth. Two arrows indicate phase transition points for filling number ν = 1 and ν = 2. This fitting shows that η is around 0.75 in the critical regime. To the best of our knowledge, such a critical exponent for superfluid to Mott insulator transition has never been measured in cold atom system, and it is also quite challenging to calculate this value theoretically [28] . Thus, it shows the power of quantum simulation. We suggest further experiments to carry out a systematically study of the temperature and the interaction dependence of this critical exponent.
Finally, to provide an experimental benchmark of our theory, it is useful to experimentally study a system where η can be calculated reliably in theory. For this purpose, we propose to consider a Luttinger liquid of either bosons or fermions. For instance, the single-particle spectral function of a Luttinger liquid of one-dimensional bosons also behaves as Eq. 18, and η is determined by the microscopic parameter g/n [29] [30] [31] , as shown in the inset of Fig. 2(c) , where g is the interaction strength and n is the density. η approaches 0.75 in the Tonks limit and approaches 1 in the weakly interacting limit. In Fig.  2(c) , we show δn k (t) as a function of t for different interaction strengths. It shows that the difference between cases with different interaction strengths are significant enough that can be distinguished experimentally. As a side remark, it is interesting to note that, η extracted in the inset of Fig. 2(b) for the Bose-Hubbard model also lies between 0.75 and 1. η is close to 0.75 when the lattice depth is very close to the quantum critical points and η approach 1 when the lattice depth is away from the quantum critical points.
Outlook. Our non-Hermitian linear response theory can stimulate designing a new set of experiments, which are complementary to many existing experiments based on Hermitian linear response theory. As an example, we have successfully applied our theory to analyze recent experiment measurement of probing momentum distribution via one-body and two-body dissipations [18] . Similar probe of spin dynamics, transport and other observables can also be studied both theoretically and experimentally. In addition, we only considered a dc-perturbation in this work and further extension to non-Hermitian acperturbation can also yield interesting results. We believe that our work opens an new avenue to probe Hermitian system with non-Hermitian perturbations. FIG. 2. (a-b) Analysis of experimental measurements of δn k (t) and δ k 2 (t) for two-dimensional Bose-Hubbard model reported in Ref. [18] . (a) shows that two sets of data δn k (t) and δ k 2 (t) perfectly coincide with each other by a properly chosen scaling factor. Solid line is fitting with our Eq. 20 with τ0 = 0.7ms. (b) Fit experimental data of δn k (t) (scaled by δn k (0)) at different lattice depth with our Eq. 20, which yields η for different lattice depth shown in the inset. Two arrows label the critical value for superfluid-Mott insulator transition for filling number ν = 1 and ν = 2, respectively. τ0 for different curves are different but all of them are of the order of ∼ 1ms. (c) Predication of δn k (t) for a one-dimensional Luttinger liquid from the weakly interacting limit (red line) to the Tonks limit (purple line). Here τ0 = 1.0ms is fixed for all plots. Inset shows how η changes with the one-dimensional interaction parameter g/n.
